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Abstract
In this article free vibration of a timoshenko nanobeam with variable cross-section is investigated using 
nonlocal elasticity theory within the scope of continuum mechanics. Small scale effects are modelled after 
Eringen’s nonlocal elasticity theory while the non-uniformity is presented by exponentially varying width 
through the beam length with constant thickness. Analytical solution is achieved for both Timoshenko 
beams and nanobeams with different boundary conditions including both ends being simply-supported (S-
S), both ends being clamped (C-C) and one end clamped other free (C-F). It is shown that section variation 
accompanying small scale effects has a noticeable effect on natural frequencies of non-uniform Timoshenko 
beams at nano-scale. In order to illustrate these effects, Natural frequencies of single-layered graphene nano-
ribbons (GNRs) with various boundary conditions are obtained for different nonlocal and non-uniform 
parameter which shows a great sensitivity to non-uniformity in different shape modes. 

Keywords: Analytical solution; Free vibration; Nanobeam; Nonlocal; Timoshenko beam; Variable cross-section.

INTRODUCTION
Nanobeams are one of the most important 

nano-dimension structures which have attracted a 
great deal of attention due to the extensive usage 
in recent years. Lots of researches have been done 
in order to understand nanomaterials mechanical, 
chemical, electrical, optical and electronic 
properties. Nanobeams are used in designing 
atomic force microscope [1-3], nanowires [4-
6], nanoactuators [7-8] and nanoprobes [9-11]. 
In order to make NEMS devices more efficient, 
it’s necessary to use nanobeams in a more 
optimum way which having a non-uniform cross-
section is one of them. Beams with geometry 
properties varying along the length with the 
ability to reduce weight or volume as well as to 
increase strength and stability of structures have 
engrossed great deal of attention in engineering 
designs. Understanding mechanical behaviors of 
nanostructures in both static problems such as 

bending [12-17] and buckling [18-22] and dynamic 
[23-29] analysis is the key step for designing 
more efficient NEMS devices. There is many 
experimental and theoretical studies reported the 
behavior of nanobeams. Although experimental 
studies give more accurate results but conducting 
experiments at nanoscale size is quite expensive 
and difficult which shows the importance of 
developing appropriate mathematical models. 
Recently, there has been a great attention in 
investigating non-uniform nanobeams behaviors. 
Pandeya and Singhb [30] studied free vibration of 
a nanocantilever beam with non-uniform cross-
section using finite element methods. The Euler-
Bernoulli beam model and Eringen’s nonlocal 
theory were used to model the nanocantilever 
nanobeam. It was shown that with the 
introduction of nonlocal effects the frequency 
of vibration increases. Murmu and Pradhan [31] 
used differential quadrature (DQ) method to 
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investigate the small-scale effect on the vibration 
of non-uniform nanobeams based on nonlocal 
elasticity theory which was only provided for 
cantilever Euler-Bernoulli nanobeams. The study 
showed that the nonlocal frequency solutions of 
nanocantilever are larger compared to the classical 
(local) solutions till a critical height ratio (CHR). 
Beyond the CHR, nonlocal solutions are lower 
than the classical (local) solutions. Malekzadeh 
and Shojaee [32] studied the surface and nonlocal 
effects on the nonlinear flexural free vibrations of 
elastically supported non-uniform cross-section 
nanobeams. Green’s strain tensor together with 
von Kármán assumptions were employed to model 
the geometrical nonlinearity and DQ method with 
direct iterative method was adopted to obtain the 
nonlinear vibration frequencies of nanobeams 
subjected to different boundary conditions. It was 
shown that varying the width taper ratio, nonlocal 
parameter, surface elasticity and initial stress 
changes the frequency parameter of tapered 
beams. Hosseini Hashemi and Bakhshi Khaniki 
[33] studied Bending vibrations of non-uniform 
Euler beam using the Eringen’s nonlocal elasticity 
theory. Analytical solution was presented for Euler 
beam theory which the rotating effects were 
neglected and parametric study was presented. 
They also studied the effects of this type of 
non-uniformity on functionally graded beams 
[34]. Lee and Chang [35] obtained the natural 
frequency of a non-uniform nanocantilever beam 
with consideration of surface effects using the 
nonlocal elastic theory. Chakraverty and Behera 
[36] presented free vibration of non-uniform 
Euler-Bernoulli nanobeams based on nonlocal 
elasticity theory using boundary characteristic 
orthogonal polynomials implemented in the 
Rayleigh-Ritz method. Chang [37] studied non-
uniform and non-homogeneous nanorods using 
the theory of nonlocal elasticity. The non-uniform 
and non-homogeneous nanorod was assumed 
as hollow with constant thickness. Both clamped 
and clamped–free boundary conditions were used 
to model the nanorod. Numerical results were 
presented using DQ method for first three modes 
of vibration in non-uniform and non-homogeneous 
nanorods. It was concluded that the nonlocal 
frequency is less than the local frequency due to 
the effect of small length scale. Şimşek [38] studied 
the free vibration of functionally graded tapered 
nanorods. Nonlocal elasticity theory was used to 
model the small scale effects while the material 
variation was modeled using power law function. 
Clamped–clamped and clamped–free boundary 
conditions were considered for nanorods. Free 

vibration frequencies were obtained using 
Galerkin method and the effects of nonlocal 
parameter, different material composition, taper 
ratio, different change of the cross-sectional area 
and the boundary conditions on the free vibration 
characteristics of non-homogeneous non-uniform 
nanorods were discussed. Ece et al. [39] studied 
the free vibration in non-uniform isotropic 
thin beams. Non-uniformity was presented 
by exponentially varying width with constant 
thickness. Analytical solution was presented for 
different boundary conditions and first, second and 
fifth natural frequency was calculated. It was seen 
that that the non-uniformity in the cross-section 
has a great influence on the natural frequencies 
and the mode shapes. Akgoz et al. [40] studied 
the buckling in tapered columns in microscales 
using modified strain gradient elasticity and Euler- 
Bernoulli beam theory.  Cantilever boundary 
condition and Rayleigh-Ritz solution method were 
used to achieve the critical buckling loads in this 
type of non-uniform microbeams. It was shown 
that critical buckling loads achieved by modified 
stress theory are different from those achieved by 
classical theories which show that classical theories 
are unable to predict the behavior of microbeams 
accurately. Zeighampour and Beni [41] studied the 
free vibration of non-uniform functionally graded 
nanobeams using strain gradient theory. Euler-
Bernoulli beam theory was used to model the 
nanobeam and it was assumed that nanobeam is 
resting on a visco-Pasternak medium and material 
variation happens in longitudinal direction of 
nanobeam. Linear and nonlinear non-uniformities 
were discussed and numerical results were 
presented using differential quadrature method. 
Results shown that variation of Young’s modulus, 
density, diameter of the nanobeam have a great 
influence on the natural frequency of non-uniform 
functionally graded nanobeams.

The dynamic characteristics of a non-uniform 
Timoshenko nanobeam has far less been studied 
mainly due to the complexity of analytical solution. 
In the present work, analytical solution for free 
vibration analysis of a non-uniform Timoshenko 
nanobeam is investigated for various support 
conditions using Eringen’s nonlocal elasticity 
theory. It’s assumed that the thickness remains 
constant while the width varies exponentially 
along the beam. Nonlocality, non-uniformity, 
rotary inertia and shear deformation effects on 
the natural frequency of the beam is studied. 
Parametric study for non-uniform graphene 
nanoribbon is done and a schematic view of it is 
presented in Fig. 1a. 
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PROBLEM FORMULATION
Timoshenko beam

The strain-displacement relations Based on the 
Timoshenko beam theory are given by 
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Where  is the longitudinal coordinate measured 
from the left end of the beam, z the transverse 
coordinate measured from the midplane of the 
beam and εxx is the normal strain, ϕ is the rotation 
parameter due to the bending, γxz the transverse 
shear stress. The strain energy U is given by
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In which A and L are the cross-sectional area 
and length of the beam, σxx and σxz are the normal 
and shear stresses. By substituting Eq. (1) and Eq. 
(2) into Eq. (3), the strain energy may be expressed 
as 

εxx
dz
dx


  (1) 

 

xz
dw
dx

     (2) 

 

 
 

0

1 σ ε σ  
2

L

xx xx xz xz
A

U dAdx   (3) 

 

 1 σ σ
2

1
2

L

xx xz
o A
L

o

d dwU z dAdx
dx dx

d dwM Q dx
dx dx

 

 

      
  

      
  




 (4) 

 

 

 σ dAxx
A

M z   (5) 

 

σ dAxz
A

Q    (6) 

 

2 2  

0

1  
2

L

A I

wT dA dI dx
t t

 
                 
    (7) 

 

  
2 2 2

0

1  
2

L

A I

T W dA dI dx 
    
  
    (8) 

 

 
  

2 2

0

0

   M   

max max

L

A I

T U

d W d WW WdA dI Q dx
dx dx



     

 

        
  

  
 (9) 

  
 

   

  
2  2  

  
0

0 0

M Q   

  0

L

L L

d dI Q A W W dx
dx dx

M Q W

      

 

    
       

    

  

  (10) 

 
 

 
2  

 

 
2  

 

M

Q

d Q I
dx
d A W
dx

  

 


 


  

 (11) 

 

                             

(4)

Where M is the bending moment and Q is the 
shear force defined as

 

εxx
dz
dx


  (1) 

 

xz
dw
dx

     (2) 

 

 
 

0

1 σ ε σ  
2

L

xx xx xz xz
A

U dAdx   (3) 

 

 1 σ σ
2

1
2

L

xx xz
o A
L

o

d dwU z dAdx
dx dx

d dwM Q dx
dx dx

 

 

      
  

      
  




 (4) 

 

 

 σ dAxx
A

M z   (5) 

 

σ dAxz
A

Q    (6) 

 

2 2  

0

1  
2

L

A I

wT dA dI dx
t t

 
                 
    (7) 

 

  
2 2 2

0

1  
2

L

A I

T W dA dI dx 
    
  
    (8) 

 

 
  

2 2

0

0

   M   

max max

L

A I

T U

d W d WW WdA dI Q dx
dx dx



     

 

        
  

  
 (9) 

  
 

   

  
2  2  

  
0

0 0

M Q   

  0

L

L L

d dI Q A W W dx
dx dx

M Q W

      

 

    
       

    

  

  (10) 

 
 

 
2  

 

 
2  

 

M

Q

d Q I
dx
d A W
dx

  

 


 


  

 (11) 

 

                                                             
(5)

 

εxx
dz
dx


  (1) 

 

xz
dw
dx

     (2) 

 

 
 

0

1 σ ε σ  
2

L

xx xx xz xz
A

U dAdx   (3) 

 

 1 σ σ
2

1
2

L

xx xz
o A
L

o

d dwU z dAdx
dx dx

d dwM Q dx
dx dx

 

 

      
  

      
  




 (4) 

 

 

 σ dAxx
A

M z   (5) 

 

σ dAxz
A

Q    (6) 

 

2 2  

0

1  
2

L

A I

wT dA dI dx
t t

 
                 
    (7) 

 

  
2 2 2

0

1  
2

L

A I

T W dA dI dx 
    
  
    (8) 

 

 
  

2 2

0

0

   M   

max max

L

A I

T U

d W d WW WdA dI Q dx
dx dx



     

 

        
  

  
 (9) 

  
 

   

  
2  2  

  
0

0 0

M Q   

  0

L

L L

d dI Q A W W dx
dx dx

M Q W

      

 

    
       

    

  

  (10) 

 
 

 
2  

 

 
2  

 

M

Q

d Q I
dx
d A W
dx

  

 


 


  

 (11) 

 

                                                                
(6)

Also the kinetic energy T is given by
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Where ρ is the mass density of the beam. By 
assuming free harmonic motion Eq. (7) may be 
expressed as
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Where, ω is the circular frequency of vibration 
and I is the second moment of area. Governing 
equation of motion is achieved using Lagrange-
Hamilton method is presented as 
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With integrating by parts, we have
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Since δW and δϕ  is arbitrary in 0<x<L, the 
governing equations of motion are obtained as
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Nonlocal elasticity theory
Classical elasticity theories don’t conflict the 

atomic theory of lattice dynamics and experimental 
observation of phonon dispersion by defining the 
stress at a reference point x  in an elastic continuum 
depends only on the strain at that point. Eringen’s 
nonlocal elasticity involves spatial integrals which 
represent weighted averages of the contributions 
of strain tensors of all points in the body to the 
stress tensor at the given point. Basic equations 
for a linear homogenous nonlocal elastic body 
without the body forces are given as

 
  

 

 
 
 
 
 
 
 
 

(a)                                                                              (b)                                                
 

Fig. 1: Schematic view of non-uniform nanobeam (a)  Model of single layered graphene nanobeam with exponentially 
width variation (b) continuum beam model of a single-layered nanobeam 

 
 

  

Fig. 1: Schematic view of non-uniform nanobeam (a) Model of single layered graphene nanobeam with exponentially 
width variation (b) continuum beam model of a single-layered nanobeam.
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Where σij is the stress tensor, Cijkl is the fourth-
order elasticity tensor, |x-x’| is the distance in 
Euclidean form and τ(|x-x’|,α) is the nonlocal 
modulus or attenuation function incorporating 
into constitutive equations the nonlocal effects 
at the reference point x produced by local strain 
at the source x’. a is the material constant which 
is defined as (e0 a/l) depends on the internal (e.g. 
lattice parameter, granular distance, distance 
between C-C bonds) and external (e.g. crack 
length, wavelength) lengths. Due to the difficulty 
of solving the integral constitutive Eq. (12) can be 
simplified to equation of differential form as
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For a one dimensional elastic material, the Eq. 
(13) can be written as
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Where (e0 a) is the scale coefficient which leads 
to small scale effect and E is the Young’s modulus 
of the nanobeam. Multiplying Eq. (14) by zdA and 
integrating the result over the area A leads to
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Where I is the second moment of area, KS is the 
shear correction factor and G is the shear modulus 
defined using Poisson’s ratio ϑ and Young’s 
modulus as E/2(1+ϑ). By substituting Eq. (15) into 
equation (11), we have  
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In this study, cross-section of nanobeam is 
assumed to vary along the beam. The characteristic 
height of the cross-section or the thickness of 
the beam is kept constant and the characteristic 
width of the cross-section is assumed to vary 
exponentially along the length of the beam as
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Where N is the non-uniformity parameter, b0 
and b1 are the width of the beam at the left and 
right end of the beam shown in Fig. 1b, I0 and A0 
are second moment of area and cross-section of 
the beam at the left end and h is the thickness 
of the beam. Substituting Eq. (16), Eq. (17) and 
Eq. (18) into Eq. (11), the equations of motion of 
non-uniform elastic isotropic nanobeam can be 
derived as
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Note that with α=0, Eq. (19) and Eq. (20) 
reduces to classical equation of motion of non-
uniform elastic Timoshenko beam and with N=0, 
Eq. (19) and Eq. (20) reduces to equation of motion 
of uniform elastic Timoshenko nanobeam and by 
having both α=0 and N=0 Eq. (19) and Eq. (20) 
reduces to classical equation of motion of uniform 
elastic Timoshenko beam. Non-dimensional 
parameters are defined as
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Where α denotes the dimensionless nonlocal 
parameter, λ is the natural frequency parameter, X 
and W are the dimensionless coordinate measured 
from the left end of the beam along the length and 
the dimensionless transverse displacement, η is 
the dimensionless non-uniformity parameter and 
ξ is the slenderness ratio. Using these parameters, 
non-dimensional form of the equations and 
formulation procedures will be defined as
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By uncoupling Eq. (22) and Eq. (23), two fourth 

order differential equations will appear:
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Where 1C , 2C , 3C and 4C are defined as
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In the present study, the ends of the beam are 
considered to be simply supported (S), clamped 
(C) or free (F). The boundary conditions associated 
with both ends being simply supported (SS), 
both ends being clamped (CC) and left end being 
clamped while the right end being free (CF) may 
be written in the same order as
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Solution procedure
Solution of Eq. (24) and Eq. (25) subjected to 

either boundary conditions given by Eq. (27) can 
be written in a general form as 
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Where λ1 to λ4 are depended on the frequency 

parameter and defined as:
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In which S, a, b, p and q are defined in appendix 
A. The constants A1i and A2i are depended on each 
other and could be related as 
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Applying boundary conditions in each case 
leads to an equations for the determining the 
natural frequencies.

Case I: Both ends of the beam are simply supported 
(SS). 

The non-dimensional boundary conditions for 
simply-supported Timoshenko beams are given by
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By substituting Eq. (31) into Eq.’s (32) to (35), 
the eigenvalue problem for simply supported 
condition will be defined as 
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And the frequency parameter is observed by 
computing eigenvalues of coefficient matrix.

Case II: Both ends of the beam are clamped (CC).
The non-dimensional boundary conditions for 



75Int. J. Nano Dimens., 8 (1): 70-81, Winter 2017

Sh. Hosseini Hashemi and H. Bakhshi Khaniki 

clamped Timoshenko beams are given by
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By substituting Eq. (31) into Eq.’s (37) to (40), 
the eigenvalue problem for clamped condition will 
be defined as
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The frequency parameter is observed by 
computing eigenvalues of coefficient matrix.

Case III: The left end of the beam is clamped while 
the right end is free (CF).

The non-dimensional boundary conditions for 
cantilever Timoshenko beams are given by
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Where 𝑎𝑎 𝑏𝑏 𝑐𝑐 𝑑𝑑 𝑒𝑒 ∆ and ∆ are defined as 
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Appendix B 
Parameters 𝐶𝐶𝑁𝑁 𝐶𝐶𝑁𝑁 𝐶𝐶𝑁𝑁  and 𝐶𝐶𝑁𝑁   are defined as 
  
 

(45)
The frequency parameter is observed by 

computing eigenvalues of coefficient matrix by 
substituting Eq. (31) into Eq.’s (42) to (45) which 
will be defined as 
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Where and  are defined in Appendix. By knowing 
the natural frequencies and the coefficients , the 
unsteady transverse vibration of the beam can 
then be written as
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RESULTS AND DISCUSSION
For different vibrating mode numbers, influence 

of small length scale and non-uniformity cross-
section on the vibration of single layered graphene 
nanoribbons (SLGNRs) is illustrated. Wang and 
Wang [42] have shown that the value of e0a should 
be smaller than 2.0 nm for carbon nanotubes 
also the exact value of nonlocal parameter is not 
exactly known. The external characteristic length 
varies so the nonlocal or small scale coefficient 
parameter α=e0 a/l is taken from 0 to 0.7 and 
the non-uniformity parameter |η| is also assumed 
to change from 0 to 1. The analysis presented, 
describes the nonlocal free vibration of a 
Timoshenko nanobeam with exponentially varying 
characteristic width and provides the analytical 
solutions. The natural frequency for the SS, CC ad 
CF boundary conditions are obtained respectively. 
According to the symmetric boundary conditions 
in clamped and simply supported beams, sign of 
the non-uniformity parameter has no effects on 
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the results while in cantilever nanobeams the sign 
of the non-uniformity parameter matters.

In order to verify the validation of present 
solution procedure, the non-uniformity parameter 
η is assumed to be zero to compare the present 
solution with nonlocal Timoshenko beam [42]. In 
Table 1 the non-dimensional natural frequency 
parameter of a simply supported beam with 
various nonlocal parameters are presented while 
the non-uniformity parameter is assumed to be 
zero and the results are compared with those 
obtained by Wang et al. [43]. Same works has 

been done for different boundary conditions 
which are presented and compared in Table 2 and 
Table 3 for clamped and cantilever nanobeams 
with various nonlocal parameters which show a 
great agreement between the results.

Influence of the nonlocal parameter on the first 
5 modes of vibration is clarified for different kind of 
boundary conditions which is shown in Fig. 2. The 
non-uniformity parameter is assumed to be η=1 
and the beams slenderness is L/D =10 so the shear 
deformation and rotary inertia be mentioned due 
to having a short beam. 

Table 1: Natural frequency parameters for a Timoshenko simply supported beam with various scaling effect parameters.

1 
 

Table 1: Natural frequency parameters for a Timoshenko simply supported beam with various scaling effect 
parameters 

 

Natural frequencies (S-S) 

    𝛼𝛼          Wang et al.       𝛼𝛼         Wang et al.      𝛼𝛼         Wang et al.      𝛼𝛼       Wang et al. 

𝑀𝑀𝑜𝑜𝑑𝑑𝑒𝑒 

𝑁𝑁𝑢𝑢𝑚𝑚𝑏𝑏𝑒𝑒𝑟𝑟  
 𝜂𝜂  

2.0106 2.01055 2.2867 2.28668 2.6538 2.65378 3.0243 3.02432 1 0 

2.9159 2.91589 3.4037 3.40365 4.2058 4.20576 5.5304 5.53036 2 0 

3.5453 3.54531 4.1644 4.16447 5.2444 5.24441 7.4699 7.46987 3 0 

4.0283 4.02834 4.7436 4.74356 6.0228 6.02276 8.9874 8.98744 4 0 

4.4107 4.41074 5.2009 5.20088 6.6333 6.63336 10.206 10.2061 5 0 

 
  

Table 2: Natural frequency parameters for a Timoshenko clamped beam with various scaling effect parameters.

2 
 

Table 2: Natural frequency parameters for a Timoshenko clamped beam with various scaling effect parameters 
 
 

Natural frequencies (C-C) 

    𝛼𝛼          Wang et al.       𝛼𝛼         Wang et al.      𝛼𝛼         Wang et al.      𝛼𝛼       Wang et al. 

𝑀𝑀𝑜𝑜𝑑𝑑𝑒𝑒 
𝑁𝑁𝑢𝑢𝑚𝑚𝑏𝑏𝑒𝑒𝑟𝑟  

 𝜂𝜂  

2.8383 2.83829 3.2420 3.24201 3.7895 3.78946 4.3471 4.34712 1 0 

3.4192 3.41916 3.9940 3.99398 4.9428 4.94276 6.4952 6.49518 2 0 

3.9961 3.99605 4.6769 4.67685 5.8460 5.84601 8.1969 8.19691 3 0 

4.3455 4.34549 5.1131 5.11311 6.4762 6.47620 9.5447 9.54474 4 0 

4.6986 4.69860 5.5283 5.52828 7.0170 7.01703 10.649 10.6488 5 0 

 
 
  Table 3: Natural frequency parameters for a Timoshenko cantilever beam with various scaling effect parameters.

3 
 

 
Table 3: Natural frequency parameters for a Timoshenko cantilever beam with various scaling effect parameters 

 

Natural frequencies (C-F) 

    𝛼𝛼          Wang et al.       𝛼𝛼         Wang et al.      𝛼𝛼         Wang et al.      𝛼𝛼       Wang et al. 

𝑀𝑀𝑜𝑜𝑑𝑑𝑒𝑒 

𝑁𝑁𝑢𝑢𝑚𝑚𝑏𝑏𝑒𝑒𝑟𝑟  
 𝜂𝜂  

- - 2.0024 2.00238 1.8999 1.89986 1.8650 1.86496 1 0 

- - 2.8903 2.89033 3.6594 3.65941 4.3506 4.35057 2 0 

  - - - - 5.0762 5.07623 6.6091 6.60910 3 0 

- - - - 5.7875 5.78749 8.3151 8.31508 4 0 

- - - - 6.5834 6.58342 9.6705 9.67045 5 0 
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Fig. 2: Variation of frequency parameter of a beam with exponentially 
varying width (η=1) and L/D = 10 for different nonlocal parameter 

(a) simply supported (b) Clamped (c) Cantilever.
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Fig. 2: Variation of frequency parameter of a beam with exponentially varying width (η=1) and L/D = 10 for different 

nonlocal parameter (a) simply supported (b) Clamped (c) Cantilever 
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In Fig. 2a, it can be seen that by increasing the 
small scale effects in the non-uniform Timoshenko 
nanobeam with simply supported end, the natural 
frequency parameter decreases permanently. 
The same behavior is also seen for the clamped 
ended non-uniform Timoshenko nanobeams in 
Fig. 2b. For the cantilever condition, the frequency 
parameter of the first mode of vibration starts 

increasing by increasing the small scale terms but 
for the higher modes of vibration, the frequency 
parameter decreases constantly by increasing the 
small scale parameter which can be seen in Fig. 2c. 

To illustrate the influence of slenderness 
parameter on the frequency parameter of non-
uniform clamped Timoshenko nanobeams for 
different numbers of nonlocal parameter, the 
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Fig. 3: Rotary inertia and transverse shear deformation effects on frequency parameter for clamped  non-uniform beam with 
different nonlocal parameters and η=1 (a) simply supported (b) Clamped (c) Cantilever 
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Fig. 3: Rotary inertia and transverse shear deformation effects 
on frequency parameter for clamped non-uniform beam with

different nonlocal parameters and η=1 (a) simply supported (b) 
Clamped (c) Cantilever.
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slenderness parameter assumed to be L/D =10, 20 
and 30 while the nonlocal parameter is changed 
from 0.1 to 0.7 and the results for frequency 
parameter is presented in Fig. 3a for simply-

supported, Fig. 3b for clamped and Fig. 3c for 
cantilever nanobeams. As it’s shown, for all the 
boundary conditions presented in this paper, by 
increasing the slenderness ratio parameter which 
leads to decreasing the effects of rotary inertia 
and shear deformation, the frequency parameter 
increases independent from the nonlocal 
parameters amount. It is also shown that the 
frequency parameter shows more sensitivity to 
the changes in slender ratio parameter in the small 
number of it and it merges to a specific number for 
higher slender ratio parameters. It should be noted 
that by having higher slender ratio parameter, 
effects of rotary inertia disappears and the results 
are the same as Euler-Bernoulli nanobeams.

In the same way, in Fig. 4 the influence 
of slenderness parameter on the frequency 
parameter of non-uniform simply supported 
Timoshenko nanobeams for different numbers 
of nonlocal parameter is studied while the 
slenderness parameter assumed to be L/D =10, 
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Fig. 4: Rotary inertia and transverse shear deformation effects on frequency parameter for  simply supported 
non-uniform beam with different nonlocal parameters and η=1 (a) First Mode (b) Third Mode (c) Fifth mode 
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Fig. 4: Rotary inertia and transverse shear deformation effects 
on frequency parameter for simply supported non-uniform 
beam with different nonlocal parameters and η=1 (a) First 

Mode (b) Third Mode (c) Fifth mode.
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Fig. 5: Small scale effect on the frequency with L/D = 10 and η=1 (a) simply supported (b) Clamped 
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Fig. 5: Small scale effect on the frequency with L/D = 10 and η=1 (a) simply supported (b) Clamped 
 
 
 

  

1 2 3 4 5

0.995

1

1.005

1.01

1.015
C-C  = 1

Mode

Fr
eq

ue
nc

y 
ra

tio

 

 

 = 0.1
 = 0.2
 = 0.3
 = 0.4
 = 0.5
 = 0.6
 = 0.7

1 2 3 4 5

0.995

0.996

0.997

0.998

0.999

1

1.001

1.002
S-S  = 1

Mode

Fr
eq

ue
nc

y 
ra

tio

 

 

 = 0.1
 = 0.2
 = 0.3
 = 0.4
 = 0.5
 = 0.6
 = 0.7

(a) 

(b) 

Fig. 5: Small scale effect on the frequency with L/D = 10 and 
η=1 (a) simply supported (b) Clamped.
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Fig 6. Non-uniformity and nonlocal effect on the frequency for first mode with L/D = 10 (a) simply supported (b) Clamped  
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Fig 6. Non-uniformity and nonlocal effect on the frequency for first mode with L/D = 10 (a) simply supported (b) Clamped  
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Fig 6. Non-uniformity and nonlocal effect on the frequency for first mode with L/D = 10 (a) simply supported (b) Clamped.

20 and 30 and the nonlocal parameter is varied 
from 0.1 to 0.7 which the results show the same 
behavior with the clamped ended Timoshenko 
nanobeam. Results are presented for first mode of 
vibration in Fig. 4a and for third and fifth mode of 
vibration in Fig. 4b and Fig. 4c.

Also sensitivity of frequency parameter to 
the changes in nonlocal parameter for different 
vibration modes are presented in Fig. 5a for simply 
supported and Fig. 5b for clamped non-uniform 
Timoshenko nanobeams while the non-uniformity 
parameter is assumed to be η=1. It is shown that 
increasing the non-uniform parameter has more 
effect on frequency ratio of lower vibration modes. 
Variation of frequency parameter by increasing 
the non-uniformity parameter from 0 to 1 and 
changing the nonlocal parameter while the value 
of L/D is set to be 10 is presented for first mode 
of vibration for simply supported nanobeams 
in Fig. 6a and clamped nanobeams in Fig. 6b. 
The sensitivity to changes in nonlocal parameter 
is more for the non-uniformed Timoshenko 
nanobeams with higher non-uniformity scale.

CONCLUSION
In this study, general analytical solution 

based on the Eringen’s nonlocal elasticity theory 
is formulated for non-uniform timoshenko 
nanobeams to describe the free vibration of 
single-layered graphene nanoribbons (GNRs) 
with variable cross-section in different boundary 
conditions. Results are achieved and parametric 
study is done in different manners by varying 
the nonlocal parameter in order to show the 
small scale effects, varying the non-uniformity 

parameter to obtain the effects of having a non-
uniform cross-section and changing value of L/D 
to understanding the effects of rotary inertia and 
shear deformation on frequency parameter in 
different modes. It is shown that:

When the nonlocal effect was taken into account 
that without consideration non-uniformity, in 
this manner, the frequency ratio of the beam 
decreased by increasing the nonlocal parameter 
except for the first frequency mode of cantilever 
nanobeam.

For the time when non-uniformity effects were 
also taken into account without consideration 
nonlocal effect, the frequency ratio of the 
beam changes differently with increase in non-
uniformity parameter depending on the boundary 
conditions.

By having both nonlocal and non-uniformity 
effects in the system, natural frequency changes 
depending on the boundary condition which is 
presented in the study.

Increasing the value of L/D in non-uniform 
Timoshenko nanobeam will merge the answers 
to those achieved by solving non-uniform Euler 
nanobeam problem by eliminating the effects of 
rotary inertia and shear deformation.

Rotary inertia and shear deformation has 
the less effect on first mode of vibration in non-
uniform nanobeam. These effects are much more 
for higher modes of vibration.

In non-uniform nanobeams, increasing the nonlocal 
parameter has more effect on first mode of vibration 
and the sensitivity decreases in higher modes.

Increasing non-uniformity in cantilever nanobeams 
will lead to having more frequency modes.
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APPENDIX
Appendix A

The expanded form of p, q, Sand Q are 
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Appendix B
Parameters CN1,CN2,CN3 and CN3 are 

defined as
  

     
1

2 2 2 2 2 2 2
1 1

1 1 2 2 2 2 2 2
1

 Ω

  
CN e

       
       

      
       
            

 (B.1) 

 

 
     

2

2 2 2 2 2 2 2
2 2

2 2 2 2 2 2 2 2
2

 Ω

  
CN e

       
       

      
       
            

 (B.2) 

 

 
     

3

2 2 2 2 2 2 2
3 3

3 3 2 2 2 2 2 2
3

 Ω

  
CN e

       
       

      
       
            

 (B.3)  

 

 
     

4

2 2 2 2 2 2 2
4 4

4 4 2 2 2 2 2 2
4

 Ω

  
CN e

       
       

      
       
            

 (B.4) 

 
 

 

 

 

 

 

 

 

 

(B.1)
 
 

 
     

1

2 2 2 2 2 2 2
1 1

1 1 2 2 2 2 2 2
1

 Ω

  
CN e

       
       

      
       
            

 (B.1) 

 

 
     

2

2 2 2 2 2 2 2
2 2

2 2 2 2 2 2 2 2
2

 Ω

  
CN e

       
       

      
       
            

 (B.2) 

 

 
     

3

2 2 2 2 2 2 2
3 3

3 3 2 2 2 2 2 2
3

 Ω

  
CN e

       
       

      
       
            

 (B.3)  

 

 
     

4

2 2 2 2 2 2 2
4 4

4 4 2 2 2 2 2 2
4

 Ω

  
CN e

       
       

      
       
            

 (B.4) 

 
 

 

 

 

 

 

 

 

 

(B.2)
 

 

 
     

1

2 2 2 2 2 2 2
1 1

1 1 2 2 2 2 2 2
1

 Ω

  
CN e

       
       

      
       
            

 (B.1) 

 

 
     

2

2 2 2 2 2 2 2
2 2

2 2 2 2 2 2 2 2
2

 Ω

  
CN e

       
       

      
       
            

 (B.2) 

 

 
     

3

2 2 2 2 2 2 2
3 3

3 3 2 2 2 2 2 2
3

 Ω

  
CN e

       
       

      
       
            

 (B.3)  

 

 
     

4

2 2 2 2 2 2 2
4 4

4 4 2 2 2 2 2 2
4

 Ω

  
CN e

       
       

      
       
            

 (B.4) 

 
 

 

 

 

 

 

 

 

 

(B.3) 
 
 

 
     

1

2 2 2 2 2 2 2
1 1

1 1 2 2 2 2 2 2
1

 Ω

  
CN e

       
       

      
       
            

 (B.1) 

 

 
     

2

2 2 2 2 2 2 2
2 2

2 2 2 2 2 2 2 2
2

 Ω

  
CN e

       
       

      
       
            

 (B.2) 

 

 
     

3

2 2 2 2 2 2 2
3 3

3 3 2 2 2 2 2 2
3

 Ω

  
CN e

       
       

      
       
            

 (B.3)  

 

 
     

4

2 2 2 2 2 2 2
4 4

4 4 2 2 2 2 2 2
4

 Ω

  
CN e

       
       

      
       
            

 (B.4) 

 
 

 

 

 

 

 

 

 

 

(B.4)

REFERENCES
[1] Li Y., Cheng Y. F., (2016), Effect of surface finishing on early-

stage corrosion of a carbon steel studied by electrochemical 
and atomic force microscope characterizations. Appl. Surf. 

Sci. 336: 95-103. 
[2] Xie H, , Hussain D., Yang F., Sun L., (2015), Atomic force 

microscope caliper for critical dimension measurements 
of micro and nanostructures through sidewall scanning. 
Ultramicroscopy. 158: 8-16. 

[3] Omori Y., Ikei H., Kugimiya Y., Masuda T., (2015), Nanometre-
scale faulting in quartz under an atomic force microscope. J. 
Str. Geology. 79: 75-79. 

[4] Taghipour Y., Baradaran G. H., (2016), A finite element 
modeling for large deflection analysis of uniform and 
tapered nanowires with good interpretation of experimental 
results. Int. J. Mech. Sci. 114: 111-119. 

[5] Lee S. Y., Kang H. C., (2016), Characterization of individual 
ultra-long SnO2 nanowires grown by vapor transport 
method. Mat. Lett. 176: 294-297. 

[6] Pishkenari H. N., Afsharmanesh B., Tajaddodianfar F., (2016), 
Continuum models calibrated with atomistic simulations for 
the transverse vibrations of silicon nanowires. Int J. Eng. Sci. 
100: 8-24. 

[7] Lee W. C., Cho Y. H., (2007), Bio-inspired digital nanoactuators 
for photon and biomaterial manipulation. Curr. Appl. Phys. 
7: 139-146. 

[8] Hartbaum J., Jakobs P., Wohlgemuth J., Silvestre M., 
Franzreb M., Kohl M., (2012), Magnetic bead nanoactuator. 
Microelec. Eng. 98: 582-586. 

[9] Zeng L., Pan Y., Zou R., Zhang J., Tian Y., Teng Z., Wang S., Ren 
W., Xiao X., Zhang J., Zhang L., Li A., Lu G., Wu A., (2016), 
808 nm-excited upconversion nanoprobes with low heating 
effect for targeted magnetic resonance imaging and high-
efficacy photodynamic therapy in HER2-overexpressed 
breast cancer. Biomaterials. 103: 116-127. 

[10] Liu M., Huang H., Wang K., Xu D., Wan Q., Tian J., Huang Q., 
Deng F., Zhang X., Wei Y., (2016), Fabrication and biological 
imaging application of AIE-Active luminescent starch based 
nanoprobes. Carbohyd. Polym. 142: 38-44. 

[11] Yang W., Fu L. M., Wen X., Liu Y., Tian Y., Liu Y. C., Han 
R. C., Gao Z. Y., Wang T. E,. Sha Y. L., Jiang Y. Q., Wang Y., 
Zhang J. P., (2016), Nanoprobes for two-photon excitation 
time-resolved imaging of living animals: In situ analysis of 
tumor-targeting dynamics of nanocarriers. Biomaterials. 
100: 152-161. 

[12] Yan J. W., Tong L. H., Li C., Zhu Y., Wang Z. W., (2016), Exact 
solutions of bending deflections for nano-beams and nano-
plates based on nonlocal elasticity theory. Compos. Struc. 
125: 304-313. 

[13] Sciarra F. M., Barretta R., (2014), A new nonlocal bending 
model for Euler–Bernoulli nanobeams. Mech. Rese. 
Communic. 65: 25-30. 

[14] Şimşek M., Yurtcu H. H., (2012), Analytical solutions for 
bending and buckling of functionally graded nanobeams 
based on the nonlocal Timoshenko beam theory. Compos. 
Struct. 97: 378-386. 

[15] Akgöz B., Civalek Ö. (2016), Bending analysis of embedded 
carbon nanotubes resting on an elastic foundation using 
strain gradient theory. Acta Astronautica. 119: 1-12. 

[16] Zenkour A. M., Sobhy M., (2015), A simplified shear 
and normal deformations nonlocal theory for bending 
of nanobeams in thermal environment. Physica E: Low-
Dimensional Systems and Nanostructures. 70: 121-128.

[17] Eltaher M. A., Khater M. E., Emam S. A., (2016), A review 
on nonlocal elastic models for bending, buckling, vibrations, 
and wave propagation of nanoscale beams. Appl. Mathem. 
Model. 40: 4109-4128.

[18] Jun Yu Y., Xue Z. N., Li C. L., Tian X. G., (2016), Buckling 
of nanobeams under nonuniform temperature based on 



81Int. J. Nano Dimens., 8 (1): 70-81, Winter 2017

Sh. Hosseini Hashemi and H. Bakhshi Khaniki 

nonlocal thermoelasticity. Compos. Struc. 146: 108-113. 
[19] Ebrahimi F., Salari E., (2015), Thermal buckling and free 

vibration analysis of size dependent Timoshenko FG 
nanobeams in thermal environments. Compos. Struc. 128: 
363-380. 

[20] Tourki Samaei A., Hosseini Hashemi Sh., (2012), Buckling 
analysis of graphene nanosheets based on nonlocal 
elasticity theory. Int. J. Nano Dimens. 2: 227-232. 

[21] Ansari R., Rouhi H., (2015), Nonlocal Flügge shell model for 
the axial buckling of single-walled Carbon nanotubes: An 
analytical approach. Int. J. Nano Dimens. 6: 453-462. 

[22] Korayem A. H., Duan W. H., Zhao X. L., (2011), Investigation 
on buckling behavior of short MWCNT. Proced. Engin. 14: 
250-255.

[23] Ansari R., Faraji Oskouie M., Sadeghi F., Bazdid-Vahdati M., 
(2015), Free vibration of fractional viscoelastic Timoshenko 
nanobeams using the nonlocal elasticity theory. Physica 
E: Low-Dimensional Systems and Nanostructures. 74: 318-
327. 

[24] Hosseini-Hashemi S., Nazemnezhad R., Rokni H., (2015), 
Nonlocal nonlinear free vibration of nanobeams with 
surface effects. Europ. J. Mech. A/Solids. 52: 44-53. 

[25] Mohamed S. A., Shanab R. A., Seddek L. F., (2016), Vibration 
analysis of Euler–Bernoulli nanobeams embedded in an 
elastic medium by a sixth-order compact finite difference 
method. Appl. Mathemat. Modell. 40: 2396-2406. 

[26] Hosseini Hashemi Sh., Bakhshi Khaniki H., (2016), Dynamic 
Behavior of Multi-Layered Viscoelastic Nanobeam System 
Embedded in a Viscoelastic Medium with a Moving 
Nanoparticle. J. Mech. In Press, 22 September. 

[27] Prasanna Kumar T. J., Narendar S., Gupta B. L. V. S., 
Gopalakrishnan S., (2013), Thermal vibration analysis of 
double-layer graphene embedded in elastic medium based 
on nonlocal continuum mechanics. Int. J. Nano Dimens. 4: 
29-49.

[28] Ebrahimi, F., Barati, M. R., (2017), Hygrothermal effects 
on vibration characteristics of viscoelastic FG nanobeams 
based on nonlocal strain gradient theory. Composite. Struct. 
159: 433-444.

[29] Ansari R., Oskouie M. F., Rouhi H. (2016). Studying 
linear and nonlinear vibrations of fractional viscoelastic 
Timoshenko micro-/nano-beams using the strain gradient 
theory. Nonlinear Dynam. 1-17.

[30] Pandeya A., Singhb J., (2015), A variational principle 
approach for vibration of non-uniform nanocantilever using 
nonlocal elasticity theory. Proced. Mater. Sci. 10: 497-506.

[31] Murmu T., Pradhan S. C., (2009), Small-scale effect on the 
vibration of nonuniform nanocantilever based on nonlocal 
elasticity theory. Physica E. 41: 1451-1456.

[32] Malekzadeh P., Shojaee M., (2013), Surface and nonlocal 
effects on the nonlinear free vibration of non-uniform 
nanobeams. Composites: Part B. 52: 84-92.

[33] Hosseini Hashemi Sh., Bakhshi Khaniki H., (2016), 
Analytical Solution for Free Vibration of a Variable Cross-
Cection Nanobeam. IJE Transact. B: Appl. 29(5):688-696.

[34] Hosseini Hashemi Sh., Bakhshi Khaniki H., (2016), 
Free vibration analysis of FGM non-uniform beams. IJE 
Transact.C: Aspects. 29: 1473-1479.

[35] Lee H. L., Chang W. J., (2010), Surface and small-scale effects 
on vibration analysis of a nonuniform nanocantilever beam. 
Physica E: Low-Dimensional Systems and Nanostructures. 
43: 466-469. 

[36] Behera L., Chakraverty S., (2014), Free vibration of non-
uniform nanobeams using Rayleigh-Ritz method. Physica E: 
Low-dimensional Systems and Nanostructures. 67: 38-46.

 [37] Chang T. P., (2012), Small scale effect on axial vibration 
of non-uniform and non-homogeneous nanorods. Comp. 
Mater. Sci. 54: 23-27.

[38] Şimşek M., (2012), Nonlocal effects in the free longitudinal 
vibration of axially functionally graded tapered nanorods. 
Comput. Mater. Sci.  61: 257-265. 

[39] Ece M. C., Aydogdu M., Taskin V., (2007), Vibration of a 
variable cross-section beam. Mech. Res. Communic. 34: 78-
84.

[40] Akgoz B., Civalek O., (2013), Buckling analysis of linearly 
tapered micro-columns based on strain gradient elasticity. 
Struct. Engineer. Mech. 48: 195-205. 

[41] Zeighampour H., Beni Y. T., (2015), Free vibration analysis 
of axially functionally graded nanobeam with radius varies 
along the length based on strain gradient theory. Appl. 
Mathemat. Modell. 39: 5354-5369. 

[42] Wang Q., Wang C. M., (2007), The constitutive relation and 
small scale parameter of nonlocal continuum mechanics for 
modeling carbon nanotubes. Nanotechnol. 18: 1-4.

[43] Wang C. M., Zhang Y. Y., He X. Q., (2007), Vibration of 
nonlocal Timoshenko beams. Nanotechnol. 10: 1-9.


	Vibration analysis of a timoshenko non-uniform nanobeam based on nonlocal theory: An analytical solu
	Abstract
	Keywords
	How to cite this article 
	INTRODUCTION
	PROBLEM FORMULATION 
	Timoshenko beam 
	Nonlocal elasticity theory 
	Solution procedure 

	RESULTS AND DISCUSSION 
	CONCLUSION
	CONFLICT OF INTEREST 
	APPENDIX
	Appendix A
	Appendix B 
	REFERENCES


