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Abstract

In this paper, the buckling behavior and nonlinear vibrations of graphene nanosheets in the magnetic field
are studied analytically. By considering mechanical and magnetic interactions, new relationships have been
proposed for the forces exerted by the magnetic field. The nonlinear governing equation is derived using
Kirchhoff's thin plate theory in conjunction with the nonlocal strain gradient theory of elasticity and von
Karman's nonlinear strain-displacement relation. The nonlinear governing equation is discretized using
the Galerkin method. According to the method of multiple scales, the approximate analytical solutions are
extracted. For the three considered boundary conditions, nonlinear natural frequencies and amplitude-
frequency curves are computed for different values of magnetic field and nonlocal parameters. The results
show that increasing the nonlocal parameter and applying a magnetic field reduces the flexural stiffness
and increases the in-plate compressive force which results in reducing the natural frequency. In addition,
excessive magnification of the magnetic field causes static buckling. The value of the critical magnetic field is
highly dependent on the type of boundary conditions.
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INTRODUCTION

With the development of nanotechnology,
application of the nanoparticles has beenincreased
in many structures due to their unique properties
[1-3]. Nanoparticles such as Al O, [4-6], TiO, [7, 8],
Cu [9, 10], SiO, [11], CNT [12, 13], and graphene
nanosheets are one of the essential componentsin
industrial applications which expose them to work
under the magnetic medium of varying mechanical
and magnetohydrodynamic loads [14-16]. Due to
their considerable mechanical properties as well as
very high natural frequencies (in the range of above
GHz), these nanosheets have found a wide range
of applications in the mechanical nanosensors as
one of the mostimportant nano-electromechanical
systems (NEMS). Caused by the difficulty of
* Corresponding Author Email: alijani@iaubanz.ac.ir

performing experimental tests on the NEMS,
the use of the analytical models and continuum
mechanics to study the dynamic behavior of these
systems has been considered by many researchers
[17].

As it was previously mentioned, graphene
nanosheets possess unique properties including
high hardness, high mechanical strength, very
high electrical and thermal conductivity, flexibility,
and magnetic properties. Due to these properties,
graphene has been widely used in various fields
of human life such as agriculture, medicine,
electronics, transportation, defense, and so on.
Many studies have been conducted to investigate
the vibration and buckling behavior of graphene
sheets [18-21]. Aghababaei and Reddy [22]
rewrote the third-order shear deformation theory
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of plates using Eringen’s linear theory of nonlocal
elasticity, which could simultaneously apply small-
scale effects and quadratic variables of shear strain
and thus shear stress in plate thickness. Murmu
and Pradhan [23] implemented Eringen’s linear
theory of nonlocal elasticity to study the vibration
response of monolayer graphene sheets. Ebrahimi
and Barati [24] studied the vibrational behavior of
graphene sheets located on an elastic foundation
under the influence of in-plane magnetic fields
using the theory of nonlocal strains. Jalali and
Ghorbanpour [25] studied the nonlocal vibration
of double-walled graphene nanosheets, which are
bonded together by an elastic medium and affected
by a magnetic field under different boundary
conditions. Murmu et al. [26] studied the effect
of magnetic fields on the transverse vibration
behavior of monolayer graphene nanosheets
located on an elasticfoundation using the improved
nonlocal elasticity theory. In their study, the in-
plane magnetic field was applied to the graphene
nanosheets. The intensity of the magnetic field
was calculated using Lorentz equations, and the
effect of different magnetic field parameters on
the behavior of the system was investigated.
Using the differential quadrature method, Esmaeili
and Biglari [27] solved the governing equation on
the lateral vibration of a single-layer graphene
nanosheet under the influence of an in-plane two-
dimensional magnetic field for different boundary
conditions. In their study, the governing equation
on the vibration of the nanosheet was derived
using nonlocal theory and considering the Lorentz
magnetic force. Farajpour et al. [28] studied the
buckling of circular graphene nanosheets placed
on the Winkler-Pasternak elastic foundation using
the non-local elasticity theory. Samaei et al. [29]
used the Levy solution model to investigate the
bending response of monolayer graphene sheets
under the temperature field as the external
mechanical load. They obtained the differential
equations governing the thermomechanical
response based on Eringen’s equations of non-
local elasticity by combining the two-variable
sheet theory and using the Mindlin plane theory.
Pradhan [30] discussed the buckling behavior of
monolayer rectangular graphene sheets using the
nonlinear elastic rectangular sheet model and the
higher-order shear deformations theory, taking
into account quantum effects.

Allahyari et al. [31] employed a multiple-scale
perturbation method to analyze nonlinear free
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vibration of graphene nanoplate incorporating
surface effects. Eringen’s nonlocal theory as well
as the surface elasticity theory of Gurtin and
Murdoch is used to consider small scale effect.
Rong et al. [32] extracted the equations of the
buckling of orthotropic graphene nanosheets
using Eringen’s nonlocal theory and solved these
equations using the finite difference method.
They investigated the buckling of the rectangular
nanosheets under uniform and non-uniform linear
in-plane loadings. The results of their study show
that the critical buckling load without a nonlocal
dimension is always less than or equal to the
corresponding classical buckling critical load.
Nonlinear forced vibrations of initially curved
rectangular single-layer graphene sheets were
investigated by Saadatmand et al. [33]. Mortazavi
et al. [34] used classical molecular dynamics
simulations to explore the thermal conductivity
and mechanical response of two main structures.

Among all of the mentioned properties,
graphene is an application in many applications
such as energy storage, sensors, electronics,
graphene field-effect transistors, and more.
Magnetic force microscopy signals have recently
been detected from whole pieces of mechanically
exfoliated graphene nanosheets, and magnetism
of the two nanomaterials was claimed based on
these observations. In these systems graphene
nanosheets are under different tip voltages,
electrical current, and magnetic fields [35]. As an
example, Dhakal and Rai [36] studied magnetic
field control of current through model graphene
nanosheet junctions within the framework of the
tight-binding approximation.

Based on the available literature, the free and
forced vibrations of graphene nanosheets have
been considered by researchers from different
aspects [37]. Despite the increased knowledge
about graphene nanosheets applications over the
last two decades, a few attentions has been paid
to the possible effect of electromagnetic force
on the vibrational behavior of nanostructures.
Also, a study on the vibration behavior and
nonlinear buckling of graphene nanosheets
affected by electromagnetic charges is not found
in the literature. Accordingly, in this research,
the vibration and buckling behavior of graphene
nanosheets in the presence of electromagnetic
charges are studied using nonlocal theory. To
apply more realistic assumptions, taking into
account the effects of magnetic interactions and
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Fig. 1. Mathematical model of graphene nanosheet located in the magnetic field.

the created displacement fields, new relationships
are proposed for electromagnetic interaction
forces. The electromagnetic force and momentum
resultants are calculated using Maxwell’s
equations. Then, using Newton’s second law,
the governing equations of motion are derived.
Finally, after discretizing the equations using
the Galerkin method, the nonlinear equation is
solved using the multiple time scales method. The
effects of geometric and physical parameters on
changes in natural frequencies, buckling loads,
and amplitude-frequency curves of the graphene
nanosheets are studied.

MATERIALS AND METHODS

As it can be seen in Fig. 1, a rectangle graphene
nanosheet with length /_, width ly and thickness
h is considered According to the nonlocal strain
theory, the nonlocal constitutive equation is
expressed as follows [18]:

(l—yvz)o"” =C:e, pu=(ea) (1)

in which C, € and G"l represents the fourth-
order elasticity tensor, strain and nonlocal stress
tensor respectively. u is the scale parameter, e,
is constant appropriate to each material and a is
internal characteristic length. V? is the Laplacian
operator which is expressed as follows:

o° o

% +
o> oy’

()

Using Eg. (1), two-dimensional nonlocal
constitutive relationships can be expressed as
follows:

2 0’0, do, E
o, —(ea) PR o Y (8X+VE},) (3)
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where E, GG and Vv represent Young’s modulus,

shear modulus and Poisson’s ratio, respectively.
Using Kirchhoff’s theory of plates, the

displacement fields are expressed as follows [22]:

ul:u(x,y,t)—za—w,
ox
ow
uz—V(x,y,t)—Za, (6)
uy = w(x, y,t)
where u,and u, are the in-plane

displacements of each arbitrary point of the plate
in the x and y directions, also u; is the transverse
displacement of the plate along the z-axis. © and
v are the displacement of the mid-plane of the
plate.

£=g,+zK (7)

where € is the strain at any point, &;,and
K represents t+he nonlinear strain vector of
the neutral axis and the curvature vector,
respectively. Since the nonlinear vibration is due
to the large deformations, the von-Karman strain-
displacement relations are used as [22]:

T
Ou, 1 szavo 1 ow)
e et )
g=q = T (®)
Ou, Ov, Owow
0

dy Ox Ox oy
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o’w  O’w o*w
K={—,——,2 (9)
ox oy ox0y

The nonlocal stress resultant of the nanoplate
can be expressed as follows:

M, =[" z0d
= zo"dz
xx 2 XX 2

M, =[" zo"d
wo .[-h/z 20,42,

M, =]

—h/2

hi2 (10)
nl
zo,dz,

Taking into account the nonlocal theory and
external forces, as well as disregarding the in-
plane inertial forces, the transverse equilibrium
equation of the graphene nanosheet is obtained
as follows:

O*M oM, O’M,,
S+ 2 —+ S+
Ox Ox0y oy (11)
9 N”a—erNwa—w +E N,a—w+NX ow
ox\ “ox  Yoy) oyl oy 7 Ox

o*w o*w o*'w
+F. (x, y, )+ q(t) = my ——m, | ——t —
Sy, + gty =m, =g mz[axzazz 8y28t2]

/2 /2 2

where ™ =], ,,dz  and mz:f,h/zpz 4z and
F_(x,y,0)is used to show the external forces applied
by the magnetic field and mechanical forces. N,
N,and N, represent the resultant forces.M,, M,
and M represent the resultant momentums per
unit Iehgth along the x- and y-axes, respectively,
and are determined using nonlocal strain theory
as follows:

hi2 nl
M _ = J‘_m zo, dz,

o hi2 g
w J—h/Z 20,4z, (12)

Using Equations (8), (9) and (13), the
momentum resultants are obtained as follows:
O*w *w (13)

2 = — ——
(1-uv? )M, = Do =vD .
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oo _ 62w_ o*w
(1-pv? )M, = D—ay2 vD—= (14)
62
(1—/N2)M,\-y = —(1—/NZ)MW :D(l—v)@xav; (15)

where D=Er'/12(1-v*) is the flexural stiffness
of the nanosheet.

By applying the linear operator 1-x V* to each
side of the equilibrium equation (12) and using
the relations (14) - (16), the nonlocal equation of
motion of the nanosheet is obtained as follows:

o'w o'w  O'w
D T A2 T A3

ox ox“oy~ Oy
(16)

2
—ph(l—sz) aa;;} +(l—yV2)Fz(x,y,t)

In-plane  membrane forces appear in large
deformations of plates. Assume that this element
is subject to the in-plane per length forces of N,
, so the equilibrium equations along the x and y
axes are obtained based on Fig. 2 as follows:

ON
ON, LN
ox oy (17)
ON, ON,
L+—2 -0 (18)
oy ox

It has been shown that the effect of
perpendicular membrane forces on the transverse
deflection of the nanosheet can be obtained using
the equilibrium equation in the z-direction [38-40].
According to the force equilibrium of the element
shown in Fig. 3 and ignoring the high-power terms,
the total membrane force in the vertical direction
is obtained as follows:

0w o*w o*w

F(x,y,t)=N, +N +2N_,
R e

(19)

Adding the transverse force obtained in the
above relation to Equation (17) we have:
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Fig. 2. In-plane forces in a graphene element.
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Fig. 3. The free-body diagram of nanoplate element.
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w _ 2
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Equation (21) represents the differential
equation governing the vibrations of graphene
nanosheets exposed to a magnetic field. In
Equation (20), the nonlocal resultant stresses of
the nanosheet can be expressed as:

hi2

N_ = o"dz, N_ = " o"dz, N_ = " o"d=-(21)
w o X Ty Ty Tt e T T

—h/

Using Equations (3) - (5), the above equations
can be simplified as follows:
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(1-uV?)N,, = 11—5?/2 £, +ve,)
Eh
(), o0 22

Finally, by using Equation (8) and ignoring the
displacement fields in the x- and y- directions, the
in-plane forces are obtained as:

RSN

2 2
v\ =L Ehfow w
(=N, =575 [(ayj +v(6xj ] (23)
(1-uv*)N, Gndr v
Ox Oy
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Because graphene nanosheets have high
electrical conductivity properties, so according
to the Maxwell equations, the electromagnetic
equations governing the system will be as follows
[41]:

M=y H, H-_p

V:B=0, VxH=1J ,
‘ Hy

(24)

where B, H, Jf, M and V are the
magnetic field intensity, the magnetic flux density,
the density-current vector, the magnetization
vector, and the gradient operator, respectively.
Considering the magnetic field perpendicular
to the plate and the absence of electrical current,
=(0,0,B,)the electromagnetic forces and
momentums can be obtained as follows. The
details of their extraction are given in the previous
work of the authors [41].

oc,  hBi(x,~1) *w

ox 2, ox (25)

TL‘Maiw_TEM ow

PZEM’"(’W”):(I‘WZ){TZW o 6)/}(26)

in which
awY d
T8 (102~ 2;(,”—1[ W] +(4y, +2) 2
: 2;10 1+;{m 0x Ox
o0, TP = Bzt ow (27)
Ho oy

Non-dimensional ~ equation  governing  the
transverse vibrations of graphene nanosheet
located in the magnetic field

Assuming that the system is under the external
harmonic force of £ = F,sinaf and has structural
damping of ¢, and total applied load expressed as
P.(x,y,t)=P" + PP + P™  Substituting Equations
(23) and (25)-(27) in Equation (20) the governing
equation of transverse vibration of the graphene
nanosheet located in the magneticfield is obtained
as follows:
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Dl O L OW N O (1 pv?) 2
Ox ox“oy* Oy ot ot
hB; (7, —1) &w

=—(1— v2 )2\ T
e e R (28)

2

owY ow
1=V )— (104224 1) 22| +(4y, +2)2
() 0z -2 2 sz
2 By, -1 ’
72 W6—Wa—wf(lf,uvz)70 (lm )[a—wj + B, sin oot
oxdy ox dy m oy

where the left-hand side the first term is the
flexural stiffness, the second term is damping,
and the third term is the inertia force. On the
right-hand side, the resultants magnetic force and
mechanical external force are observed.

If the non-dimensional variables are defined

w=2 %= =2 Lo=r |y B Pﬂ
I T D

10y, -2y, -1 2 3
5 - *,s,z( 4 =22, )X@, PN
2;10(] +)(m) D D

(29)

The equation of motion (28) can be re-written
as follows:

o'w o'w o'w ow o*w
2t |+ E——+ (1= iV =
(674 xoy a-“] 65, 1-V) 3

ow Y aw *w oO'w , &
+H| =] +v —+— |- 8By —+
ox a- oax: oy y (30)

R, L oW oW (1- VZ)BZ[SI(aWJ S@_w}

" oxay ox oy ox ox
a_ 2
W = .
—2(1—/N2)SOB§£;yJ + P sinQr

In the following, for abbreviation, the
superscript on the variables is ignored.

Solving the equations
Applying the Galerkin method

The Galerkin method is used to find the
approximate solution of differential equations
whose exact solution cannot be calculated
[42-44]. In this method, the transverse
displacement of graphene nanosheets is
considered as follows:
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W, ,7) = 3 A, X, (O, 00, ()

m=1 n=1

in which X, (x) and Y (»)are the vibration
mode shapes of the nanosheet. A, is the
unknown constant of amplitude coefficient and
1,.(t) is the response of the time part. In this
study, three types of boundary conditions are used
for the analysis. These boundary conditions are:

The first boundary condition: All the edges of
the nanosheets are simply supported (SSSS).

X, =sin(mmx) (32)

Y =sin(nry) (33)

The second boundary condition: the two
opposite edges are simply supported and the
other two edges are clamped (SCSC).

X, =sin(mmx) (34)
Y, = (cosh(Z,y) — cos(4,y) —a, [sinh(4,y) —sin(4,)]) (35)

Third boundary condition: all edges are
clamped (CCCC)

X,, = (cosh(4,x) - cos(4, ) - a, [sinh(4,x) —sin(4,)]) (36)

Y, = (cosh(2,y) —cos(4,) - a, [sinh(2,y) —sin(2,»)])  (37)

Which in relations (36) - (38), 4,, 4., a
and a, constants, are obtained using the method
proposed in Ref. [45]. By placing the hypothetical
answer of Eq. (32) in the equation of motion (31),
and by multiplying the sides of the above equation
by X,Y, and integrating on the nanosheet surface,
the equation of motion was obtained as the
following form:

Mij+Kn+ECi+B;Nn’ +Gn’ = P sinQr (38)

where

M= [ [ (XY~ 4 (X0, + X,¥7)) X Ydxdy (39)
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e ) ()

(40)
H(XEO VXY + S B X, Y| X, Ydxdy
C:I;I;(XIK)dedy (41)
N= jo‘(l—yvz)(s1 (x) - (42)
25, (XY + (X% Y ))XlYldxdy

Solve using the multiple time scales method

In order to use the multiple time scales
method, by dividing the sides of Eq. (38) by M
and using variable change of 77 = €¥ and assuming
the order of ECliis equal 2¢&° EChand PsinQris
equal £'PsinQ7 | we would have:

W+ o'y =28 ECy — BNy’ —

&'Gy’ + e*PsinQr (44)

where @, =JK/Mis the frequency of the
corresponding linear system and the — sign
indicates the division of the variable by M .

To use the multiple time scales method, the
answer of Eq. (45) is considered as follows [35]:

y(z.e,T) =y, (1.1, T, )+
8l//l (T()3]]aT2)+O(82) (45)

where T, =7 represents fast time and 7, = &7
and T, =¢g2ris the slow time. Therefore, the
first and second derivatives can be expressed as
follows:

2
i:D0+£D] +&’D,, 4
dr dr

2

(46)

D; +2£D,D, + & (D] +2D,D,)

To investigate the response around the
initial resonance, the parameter o is defined
considering the excitation frequency {2 around
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the natural frequency @), according to Eq. (47).
2
Q=0,+&0c (47)
Substituting Eqgs. (45) and (46) and using Eq.

(47) and unifying coefficients of different powers
of & in both sides, the equations are obtained as:

D(?'/’o'*'wg‘//o =0 (48)

Diy, + @)y, ==2D, Dy, — ByNy; (49)

D(?'/’z + a)(?l//z ==2D, Dy, =2D, Dy, - zééDol/’o

—2B; Ny, -Gy, + Psin(a,T, + oT,) (50)

where the general answer of Eq. (48) can be
written as:

v, = AT, T,) exp(io,T;) + Z(]},Tz)exp(—ia)on) (51)

By placing ¥/ in Eq. (49) one would have:

Doy, + @jy, = —2ie, D, AexplioyT;)
BIN|[ A exp(Rie,T,)+ A4 | (52)

By removing the secular terms [46] in relation
(52), one would have p, 4 =0 which shows 4= A(7,)
. Therefore, the solution of Eq. (48) would be as:

B;N -1, ) 1 )
W, = —2AA+§A exp(Zza)oTo)+§A exp(—=2iw,T;) (53)

0

By substituting /,and ¥/, in Eq. (50) we will
have:

2 2 - el ]0(351\7)2 27
Dy, + oy, =—| 2iw, (A" + ECA) + 3G—377 A4
@
. (54)
7517’exp(i0'T2 )} exp(iw,T,) +cc+ NST

where the prime represents the derivative
with respect to T2 and the NST represents the
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terms corresponding to exp(£3i®,,T;) . To remove
secular sentences from the above relation you the
following relation can be used:

10(B2N)
e

2iw (A'+ ECA)+| 3G —
, (A" +ECA) 307 (55)

AZZ—%ﬁeXp(ide) =0

1 .
To solve the above equation, 4 :Eaexp(lﬂ). By
placing this relation in Eq. (55) and separating the
real and imaginary parts, one would have:

a'=—§éa+2isin7 (56)

0

| 9Gwi-10(B:N) | P
= g cosy (57)

240, 2w,

al

where:

y=ol,-4 (58)

By removing A from relations (56) and (57) we
will have:

9Gw? —10(BNY 5
% ( 0 ) a3+icos
24 20, 7 (59)

ay'=ao -

In order to calculate the steady-state motion
response, it is assumed that @'=»"=0. In this
case, the unknowns a and J which are the
answers to Egs. (56) and (59) can be obtained as
follows:

9Ga; ~10(BN)

=\2 2 [ S S - P 60
(§C) a +| aoc 2har a pp (60)
tany = — ; é"f_ 5

9Gw; ~10(B;N) (o) 61)
240,
61
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The parameter « is defined as
a=09Ga; -10B;N ))/240®  [46]. When a>0
nonlinearity will have a hardening effect and for
a <0 nonlinearity will have a softening effect.
Besides, for @ =0nonlinear behavior would be
disappeared. Equation (60) is an implicit equation
between parameters a and o ,and the amplitude
of the excitation force, by which the curve of the
frequency response function can be plotted.
Finally, the second-order approximation response
of the graphene vibrations in the magnetic field is
obtained as follows:

2

eB)N , 2
) a® 08wyt +24)+0(e )(62)

2

v =acos(w,r+A)+—
6 0

where a and ¥ are obtained using equations
(60) and (61).

RESULTS AND DISCUSSIONS

In this section, numerical results for graphene
nanosheets located in a magnetic field for three
different boundary conditions including SSSS, SCSC
and CCCCare presented. The mechanical properties
of graphene nanosheets are considered as
Young’s modulus £=1.02TPa , density o =2300kg/m’,
thickness#=0335nm, and Poisson’s ratio v =0.36
[47]. In addition, the electrical characteristics are
considered as magnetic constant x,=1.5Tand
Uy =47x107 N/A* [48].

Validation

By considering linear terms and ignoring
nonlinear terms from the nanosheet equations of
motion, the linear natural frequencies of the system
can be obtained. In Table 1, the obtained natural
frequencies obtained by the local and nonlocal
models for square graphene are compared with the
results of Ref. [49]. According to this table, it can
be seen that the obtained results are completely
consistent with the results of Ref. [49] and this
shows the high accuracy of the present method.
Also, in Table 2, the natural frequency of a simply
supported single layer graphene nanosheet (E =
1.02TPa, h=0.34 nm, p =2300 kg / m?, | = Iy =10
nm) have been compared with the exact solution
results presented in Refs. [50] and [51]. As it can
be seen, the numerical results obtained here have
an acceptable consistency with the results of the
exact solution.

Linear vibrations

First, linear vibration analyzes are performed
on square graphene nanosheets and the effects
of boundary conditions and small size parameter
on the first non-dimensional natural frequency
of square graphene nanosheets are considered.
Tables 3-5 show the effect of magnetic field
intensity and small size parameters on the first
non-dimensional natural frequency of graphene
nanosheets under SSSS, CCCC, and SCSC boundary

Table 1. Validation of the frequency ratios of square nanosheet.

non loc
W a)l /wl
Ref. [49] Present results

0 1.0000 0.9999
0.5 0.9762 0.9762
1.0 0.9139 0.9139

1.5 0.8321 0.8321

2 0.7574 0.7574

Table 2. Comparison of the natural frequency of a single layer graphene nanosheet with SSSS boundary conditions.

p=0 p=1
Present result Exact® Exact® Present result Exact®
w1 (THz) 10.5546 10.5586 10.5586 9.67153 9.67400
w2 (THz) 26.4761 26.4753 26.4753 21.6223 21.6246
w3 (THz) 52.7283 52.7295 52.7295 37.4056 37.4075
D |(mnY nz Y
o= [—||— | +| — , taken from Ref. [51]
ph|\ a b

voe | D

" \/(Ph + éph} [(mﬂ/a)2 + (mr/b)zD(l + y[(mﬂ/a)z N (,,,,/bﬂ) {(ma”] i (%] } , taken from Ref. [50]
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Table 3. The non-dimensional natural frequency of the graphene nanosheet with SSSS Boundary conditions.

Magnetic field (Bo)

nonlocal parameter ()

0 0.1 0.2 0.4 0.5
0 19.7391 17.1808 13.0726 7.97991 6.57947
5 19.6709 17.1214 13.0274 7.95175 6.55270
10 19.4685 16.9421 12.8951 7.86825 6.48835
20 18.6182 16.2085 12.3302 7.52595 6.20605
30 17.1174 14.8958 11.3364 6.91779 5.70465
40 14.7528 12.8406 9.77025 5.96345 4.91758
50 10.9953 9.57082 7.28180 4.44458 3.66516
60 1.62822 1.41718 1.07832 0.65817 0.54274

Table 4. The non-dimensional natural frequency of the graphene nanosheet with CCCC Boundary conditions.

Magnetic field (Bo)

nonlocal parameter (u)

0 0.1 0.2 0.4 0.5
0 36.6299 35.1807 31.6867 23.9183 20.7973
5 36.5799 35.1327 31.6435 23.8857 20.7689
10 36.4292 34.9388 31.5132 23.7874 20.6834
20 35.8205 34.4033 30.9866 23.3899 20.3377
30 34.7822 33.4061 30.0884 22.7119 19.7482
40 33.2743 31.9578 28.7839 21.7272 18.8692
50 31.2287 29.9931 27.0143 20.3915 17.7306
60 28.5299 27.4011 24.6797 18.6292 16.1983
70 24.9767 23.9793 21.5978 16.3029 14.1755
80 20.0857 19.2911 17.3752 13.1154 11.4504
90 12.4175 11.9263 10.7418 8.10832 7.05027

Table 5. The non-dimensional natural frequency of the graphene nanosheet with SCSC Boundary conditions.

Magnetic field (Bo)

nonlocal parameter (u)

0 0.1 0.2 0.4 0.5
0 29.0801 26.8612 22.2684 14.8759 12.5043
5 29.0258 26.7619 22.2268 14.8481 12.4809
10 28.8623 26.6112 22.1016 14.7645 12.4106
20 28.1989 25.9995 21.5936 14.4251 12.1253
30 27.0357 24.9467 20.7192 13.8541 11.6343
40 25.3721 23.3933 19.4229 12.9791 10.9099
50 23.0255 21.2297 17.6321 11.7787 9.90084
60 19.7829 18.5624 15.1559 10.1682 8.50657
70 15.0771 13.9012 11.5454 7.71263 6.48305
80 6.16713 5.68614 4.72254 3.15479 2.65183

conditions. As it can be seen, generally, by
increasing the small size parameter and magnetic
field intensity, the natural frequency decreases
and the quantity of this decrease depends on
the boundary conditions. For example, for the
nanosheet under the SSSS boundary condition,
4 =0.lincreasing B, from 0 to 50, would result
in decreasing the first natural frequency from
17.18 Hz to 9.57 Hz, which indicates a decrease of
about 44% in the first natural frequency. Hence,
it can be concluded that the intensity of the
magnetic field has a significant effect on reducing
the equivalent stiffness of the structure and
consequently the vibration characteristics of the
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nanosheets. In addition, the nonlocal parameter
reduces the equivalent stiffness of nanosheets.
For SSSS nanosheet and for B, =20, the natural
frequency decreases by about 67% by increasing
i from 0 to 0.5.

Figs. 4 to 6 show the effect of magnetic field
intensity and nonlocal parameters on the natural
frequency of graphene nanosheet with SSSS, CCCC,
and SCSC boundary conditions, respectively. These
results also show that increasing the intensity of
the magnetic field reduces the natural frequency.
According to Eqg. (31), the magnetic field has
two different effects on the nanosheet: first, it
reduces the flexural stiffness of the nanosheet,

63



T. Pourreza et al.

12 14 16 18 19

0 5 10 15 20 25

30 35 40 45 50 55 60
By

Fig. 4. Effect of magnetic field intensity and nonlocal parameter on the natural frequency of graphene nanosheet with SSSS boundary
conditions.

12 14 16 18

Nonlocal parameter, [

0 10 20 30

22 24 26 28 33 36

50 60 70 80 90

Magnetic field, By
Fig. 5. Effect of magnetic field intensity and nonlocal parameter on the natural frequency of graphene nanosheet with SCSC boundary
conditions.
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Fig. 6. Effect of magnetic field intensity and nonlocal parameter on the natural frequency of graphene nanosheet with CCCC bound-
ary conditions.

and second, it applies an in-plane compressive
force on the nanosheet. This effect reduces the
flexural stiffness of the graphene nanosheet and
thus reduces its natural frequency, which can be
seen in Fig. 4. In addition, it is observed that the
decreasing effect of the magnetic field on the
natural frequency also depends on the boundary
conditions. The maximum reduction of the natural
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frequency is seen for the SSSS nanosheet. Given
that the magnetic field reduces the natural
frequency of the system, it can be said that the
magnetic field causes a softening behavior and
therefore, excessive increase of the magnetic field
can cause instability in the system.

As previously concluded, the magnetic field
generates an in-plane compressive force. Hence,
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Fig. 7. Effect of the magnetic field intensity on the first natural frequency of the graphene nanosheet for the (a) SSSS, (b) CCCC, and
(c) SCSC boundary conditions.

it is expected that for a certain amount of this
force, static instability will occur in the system
and the nanosheet will undergo static buckling.
Figs. 7a, 7b, and 7c show the effect of magnetic
field intensity on the first natural frequency of
the SSSS, CCCC, and SCSC graphene nanosheets,
respectively. According to the fig., it is observed
that an increaseB, would result in decreasing
the first natural frequency till for the critical
magnetic field B, the first natural frequency
becomes zero. For this amount of magnetic
field, static buckling occurs in the system. Based
on the results of Figs. 7a, 7b, and 7c, it can be
seen that By is highly dependent on the type of
boundary conditions. For example for y:O
when the nanosheet is under the SSSS, CCCC, and
SCSC boundary conditions, it is obtained as 33.6,
95.1, and 72.3, respectively. As expected, the
critical magnetic field increases for the clamped
boundary conditions by increasing the stiffness of
the nanosheet boundary conditions. In addition,
it is observed that by increasing the nonlocal
parameter, the natural frequency decreases and as
a result, the critical magnetic field decreases. The
main effect of the nonlocal parameter is observed
for the SSSS boundary conditions. An interesting
result that is observed for all boundary conditions
is that for the values of the critical magnetic field,
the nonlocal parameter does not affect and the
value of the critical magnetic field is independent
of this parameter. The examination of the results
shows that the small size parameter reduces
the natural frequencies, and this decrease in
frequency is due to the decrease in the equivalent
stiffness of the structure with the increase of this
parameter. Moreover, the equivalent stiffness,
which changes by the small size parameter, is
zero at the critical buckling point. Accordingly, the
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small size parameter has no effect on the critical
buckling load due the magnetic field. In other
words, the natural frequency or the equivalent
stiffness is zero at the critical buckling point, so the
effect of the small size parameter is neglected on
the critical buckling load.

Frequency amplitude curves

Frequency curves for graphene nanosheets
located in the magnetic field can be calculated
for all boundary conditions using Eq. (61). First,
the changes of the frequency function curve for
different values of magnetic field intensity are
investigated. Fig. 8-10 show the frequency function
curves for different values of ~ and three different
boundary conditions SSSS, CCCC, and SCSC. As can
be seen in Fig. 8 (SSSS nanosheet), by increasing
the intensity of the magnetic field, the amplitude
curve bends to the left side, which indicates the
softening behavior of the hard spring as a result
of the reduction of the equivalent stiffness of the
structure. In this case, the value of the parameter a
in Eq. (61), which is negative, increases, and hence
its value becomes positive for the values B, greater
than 30. A similar situation is seen for the CCCC
nanosheets (Fig. 9). In this case, as the magnetic
field increases, the amplitude curve bends to the
left side, which indicates the softening behavior
of the hardening spring. Again the parameter a
is negative, and as the magnetic field increases,
its value tends to be positive. According to Fig.
10, similar behavior is observed for the SCSC
nanosheet.

Another important parameter on the vibration
behavior of nanosheets is the effect of small
sizes parameter. The effect of small sizes on the
amplitude curve of the nanosheet located in the
magnetic field is shown in Figs. 11-13. According
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Fig. 8. Effect of magnetic field intensity on the frequency curve of graphene nanosheet for SSSS boundary conditions.
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Fig. 9. Effect of magnetic field intensity on the frequency curve of graphene nanosheet for CCCC boundary conditions.
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Fig. 10. Effect of magnetic field intensity on the frequency curve of graphene nanosheet for SCSC boundary conditions.

to the results, it can be seen that for all three
considered boundary conditions, the increasing u
leads to enhance in the hardening behavior, which
is more significant for SSSS nanosheets. The results
show that for the CCCC boundary conditions (Fig.
11) by increasing y, the value of the a parameter
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decreases and approaches zero, which causes
the softening behavior of the hard spring. An
opposite behavior is seen for SSSS (Fig. 12) and
SCSC (Fig. 13) boundary conditions. Therefore, it
can be said that in the graphene nanosheets, the
nonlocal parameter is one of the most influential
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Fig. 11. Effect of nonlocal parameter on graphene nanosheet frequency curve for CCCC boundary conditions.
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Fig. 12. Effect of nonlocal parameter on graphene nanosheet frequency curve for SSSS boundary conditions.
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Fig. 13. Effect of nonlocal parameter on graphene nanosheet frequency curve for SCSC boundary conditions.

parameters on their dynamic behavior. Since
the use of nonlocal theories in the study of the
dynamic behavior of graphene nanosheets is
practically inevitable, so in the design and analysis
of such systems, the effect of nonlocal theories
and nonlocal parameters should be considered.

In order to evaluate the accuracy and
convergence of the proposed analytical method,
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Eg. (44) is numerically solved using the Rang-
Kutta method and the results are compared with
the time response obtained from the analytical
solution (Eq. 62) in Fig. 14. As can be seen, the
multiple time scales method provides the solution
of the nonlinear equation of motion with very good
accuracy and the maximum error in calculating the
maximum amplitude is about 6%.
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Fig. 14. Time response of the system obtained from analytical and numerical methods.

CONCLUSION

In this paper, based on the nonlocal elasticity
theory, a new mathematical model was proposed
to study the buckling behavior and nonlinear
vibrations of graphene nanosheets located in
a magnetic field. The effect of magnetic fields
was applied to the equations by considering the
additional flexural forces and moments created by
the magnetic field. Analytical study of linear and
nonlinear vibrations was performed for different
boundary conditions. Besides, the effects of
magnetic field intensity and nonlocal parameters
on static buckling, vibrational frequency, and
frequency response curve were studied. The
results show:

- The nonlocal parameter reduces the
equivalent stiffness of the nanosheets and as its
value increases, the natural frequency decreases.

- Increasing the magnetic field, the first natural
frequency decreases till for the critical magnetic
field, the first natural frequency becomes zero and
static buckling occurs in the system.

- It was observed that by increasing the
intensity of the magnetic field, the amplitude
curve bends to the left, which indicates the
softening behavior of the hard spring as a result
of reducing the rigidity equivalent to the structure.

- For all of the selected boundary conditions,
increasing W results in enhancing the hardening
behavior, which is more pronounced for the SSSS
nanosheets. For the CCCC boundary conditions,
by increasing p, the value of a decreases and
approachesto zero. However, an opposite behavior
is seen for SSSS and SCSC boundary conditions.

- It can be said that for the graphene
nanosheets, the nonlocal parameter is one of the
most influential parameters on dynamic behavior.

- An interesting result that is observed for all
boundary conditions is that for the values of the
critical magnetic field, the nonlocal parameter
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does not affect and the value of the critical
magnetic field is independent of this parameter.

Hence, since the use of nonlocal theories in
the study of the dynamic behavior of graphene
nanosheets is practically inevitable, in the design
and analysis of such systems, the effect of nonlocal
theories and nonlocal parameters should be taken
into account.

NOMENCLATURE
/ length
h thickness
A unknown constant

3
E

B magnetic field intensity
C fourth-order elasticity tensor
c structural damping
D flexural stiffness
E Young’s modulus
F, external force
G shear modulus
H magnetic flux density
J density-current vector
M, M}, M resultant momentums
xy
M magnetization vector
N, N}, N resultant forces
xy

P, force amplitude
P, mechanical force
Ry Sy S, Nondimensional parameter
u,u, plane displacements
u, w transverse displacement
c strain tensor

nl nonlocal stress tensor
r scale parameter
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Poisson’s ratio

v

K curvature vector

) force-frequency

@) Nondimensional frequency
T Nondimensional time
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